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Abstract. Photoelectron angular distribution (PAD) of atoms irradiated by a train of identical, circularly
polarized few-cycle laser pulses is studied in the frame of a nonperturbative scattering theory. Our study
shows that the PADs vary with the kinetic energy of photoelectron, the carrier-envelope phase, and the
pulse duration. We find that along with increasing of the kinetic energy of photoelectron or with decreasing
of the pulse duration or the both, the original one maximum of PAD splits into two maxima; the newly
produced two maxima evolve to the opposite pole of the symmetric axis, and finally incorporate as a new
maximum located in the symmetric axis.

PACS. 32.80.Rm Multiphoton ionization and excitation to highly excited states (e.g., Rydberg states) –
42.50.Hz Strong-field excitation of optical transitions in quantum systems; multiphoton processes; dynamic
Stark shift – 42.65.Re Ultrafast processes; optical pulse generation and pulse compression

Recent developments in laser technology have made it pos-
sible to produce high intensity laser pulse of few optical
cycles [1], which provide a useful tool in various fields [2,3].
For a few-cycle pulse, the temporal shape of its electric
field varies dramatically with the value of the initial phase
of the carrier wave with respect to the envelope. All physi-
cal processes induced by such a field depend on the carrier-
envelope (CE) phase, for example, the emitted electrons
in above-threshold ionization (ATI) [4,5].

When atoms are irradiated by intense laser pulses,
the photoelectrons are produced at a rate determined by
the instantaneous electric field. If atoms are irradiated by
long, single-color laser pulses, the photoelectrons rates in
a pair of two opposite directions are always identical, thus
the photoelectron angular distributions (PADs) show the
inversion symmetry [6]. While, if atoms are irradiated by
short pulses, the photoelectron rates in a pair of two oppo-
site directions are not always equal to each other, thus the
PADs are inversion asymmetric. Because the amplitude of
the electric field varies smoothly with time, the use of cir-
cularly polarized pluses is beneficial [7]. It has been shown
that the PADs in circularly polarized few-cycle pulse is not
isotropic, and that the position of the maximum of PADs
varies with the CE phase and the pulse duration [8]. Here,
the pulse duration denotes the number of optical cycles in
a single pulse. Since the value of the CE phase determines
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the distribution of the electric field in the pulse, it is easy
to see the reason why the CE phase affects the PADs.
However, how the pulse duration to influence the PADs is
still an open problem. In this paper, we present a solution
to this problem.

The photoionization in circularly polarized few-cycle
laser pulses was firstly studied by means of a classical
method, and the variation of the angular distribution with
the CE phase, the laser intensity and the pulse duration
were shown [7]. The present paper focuses on the variation
of the PADs with the pulse duration and the kinetic energy
of photoelectrons in the frame of a nonperturbative quan-
tum theory of ATI developed by Guo et al. [9]. In this the-
ory, the final state of ATI is treated as an electron-photon
plane wave while the Volkov states as intermediate states.
The Volkov state describes a free electron moving in a
laser plane wave [10], thus, when we use Volkov states, two
points should be mentioned. First, the Coulomb attrac-
tion of the parent ion to the ionized electron is neglected,
which is the strong-field approximation widely used in in-
tense laser studies [11]; second, the few-cycle pulses can
be treated as a combination of plane waves and a three-
mode laser is used to mimic a train of identical few-cycle
pulses [8].

This study is an extension of our earlier study,
which focused on the inversion symmetry and the CE-
dependence of the PADs when atoms are exposed to a
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sequence of short pulses. In this paper, we present the
variation of the PADs with the pulse duration and the ki-
netic energy of electron. A three-mode laser field is used to
mimic a long sequence of identical few-cycle pulses. Details
are presented in reference [8]. The state of a nonrelativistic
electron in the few-cycle pulses is described by [12]:

|Ψµ〉 = V −1/2
e

∑

j1,j2,j3

exp{i[P + (up1 − j1)k1

+ (up2 − j2)k2+(up3 − j3)k3] · r}
× Xj1,j2,j3(z)|n1 + j1, n2 + j2, n3 + j3〉, (1)

where P is the momentum of photoelectron inside the
field, me is the electron rest mass, and Ve is the electron
normalization volume; ki = ωik0 is the wave vector of
each mode with k0 being the unit vector along the pulse
propagation direction; |ni + ji〉 (i = 1, 2, 3) is the Fock
state of the ith mode with ni being the number of back-
ground photons in this mode, the sum over the transferred
photon ji is performed over −ni � ji < ∞, and upi is the
ponderomotive parameter of the ith mode defined as

upi =
e2Λ2

i

meωi
, (i = 1, 2, 3)

in which 2Λi is the amplitude of the ith classical field, and

ω1 = ω, ω2 = ω(1 + 1/n), ω3 = ω(1 − 1/n), (2)

where ω is the circular frequency of the carrier wave and
n is the number of cycles included in a single pulse, which
relates to the pulse duration τ as τ = 2nπ/ω. In the Volkov
state, the generalized phased Bessel (GPB) function for
circularly polarized laser field is given by

Xj1,j2,j3(z) =
∑

m1,m2,m3

X−j1+m1+m2(ζ1)

× X−j2−m2+m3(ζ2)X−j3−m2−m3(ζ3)
× X−m1(z1)X−m2(z2)X−m3(z3), (3)

where the sum is performed over −∞ < mi < ∞, and
Xn(z) is the phased Bessel function related to the ordinary
Bessel function as

Xn(z) = Jn(|z|)ein arg(z).

The arguments of the GPB function are defined as

ζ1 =
2|e|Λ1

meω1
P · ε1, ζ2 =

2|e|Λ2

meω2
P · ε2,

ζ3 =
2|e|Λ3

meω3
P · ε3, z1 =

2e2Λ1Λ2ε1 · ε∗2
me(ω2 − ω1)

,

z2 =
2e2Λ1Λ3ε1 · ε∗3
me(ω3 − ω1)

, z3 =
2e2Λ2Λ3ε2 · ε∗3
me(ω3 − ω2)

, (4)

where �εj is the polarization vector defined as

εj = [εx cos(ξ/2) + iεy sin(ξ/2)]eiφj ,

ε∗j = [εx cos(ξ/2) − iεy sin(ξ/2)]e−iφj , (5)

in which φj (j = 1, 2, 3) is the phase angle of each mode

φ1 = π, φ2 = −φ0/n, φ3 = φ0/n,

with φ0 being the CE phase, and ξ determines the de-
gree of polarization, such that ξ = π/2 corresponds to the
circular polarization.

By means of the Volkov state in equation (1), we get
the differential transition rate for a given ATI peak as
follows [8]

d2W

dΩpf

=
(2m3

eω
5)1/2

(2π)2
(q − εb)1/2(q − 4up1)2|Φi(Pf−qk1)|2

×
∣∣∣∣∣∣

∑

qi,ji

Xj1−q1,j2−q2,j3−q3(zf )Xj1,j2,j3(zf )∗

∣∣∣∣∣∣

2

, (6)

where Φi(Pf − qk1) is the Fourier transformation of the
initial wave function with binding energy Eb, and εb =
Eb/ω is the binding number; qi = li − mi (i = 1, 2, 3)
is the overall transferred photon number in the ith mode
during the interaction, and we use

q = [q1ω1 + q2ω2 + q3ω3]/ω (7)

to denote an ATI peak, since it determines the final ki-
netic energy of the emitted electrons. The sum over qi is
performed over all possible q1, q2 and q3 for a fixed q. The
argument zf in equation (6) means that the P in equa-
tion (4) is replaced by Pf while others are kept unchanged.
Here, Pf is the final momentum of the photoelectron. The
emission rate of a given ATI peak is got by integrating over
the solid angle, and the PADs denotes the emission rate
at a fixed scattering angle θf for various azimuth φf .

By means of the transition-rate formula in equa-
tion (6), we obtain the angular distribution of the ejected
electrons. We choose Kr as the sample atoms in the calcu-
lation, of which the outermost shell is 4P3/2 with binding
energy 13.99 eV. The laser pulses are of circular polar-
ization, central wavelength 800 nm, and peak intensity
I = 5 × 1013 W/cm2.

Our calculations show that in long-pulse cases, the
PADs in circularly polarized laser light are azimuthal
isotropic, which agrees with earlier studies [6]; and that
the PADs in few-cycle pulses are not isotropic and the
photoelectron rates in a pair of two opposite directions
are not always equal to each other, which is termed as
inversion asymmetry. The inversion asymmetry with re-
spect to the space reflection is caused by the interference
effect among different transition channels, where differ-
ent channels are characterized by different combinations of
absorbed-photon numbers in the ionization process [8]. For
circularly polarized few-cycle pulses, the maximal strength
of the electric field keeps constant for different CE phases,
but its position varies with the value of CE phase. As a
result, the maximal emission rate keeps constant, but its
position varies with the CE phase. Due to the symmetry of
the electric field with respect to its maximum, the PADs
are symmetric about an axis related to the CE phase. The



J. Zhang et al.: Evolution of photoelectron angular distributions 443

Fig. 1. Polar plots of the calculated PADs of the 1st (the
top row) and the 5th (the bottom row) ATI peaks for several
CE phases for 5–cycle pulses: (a) φ0 = 0◦, (b) φ0 = 90◦, and
(c) φ0 = 180◦. The laser is circularly polarized at wavelength
800 nm and intensity I = 5 × 1013 W/cm2. The maxima and
the symmetric axis of PADs rotate with the value of CE phase
and show the dependence of PADs on the CE phase. Compar-
ison between the top row and the bottom row discloses the
dependence of PADs on the ATI orders.

variation of the PADs on the CE phase are shown in Fig-
ure 1 for the 1st and the 5th ATI peaks when n = 5.

The CE phase is not the unique factor that determines
the characters of PADs. The position of the extrema of
PADs also varies with the duration of a single pulse. Take
the first ATI peak for φ0 = 0◦ as an example. For a 5–
cycle pulse, the maximum of the PAD locates at φf = 0◦,
but locates at φf = 180◦ for a 3–cycle pulse. Additionally,
the position of the maximum of the PADs varies with the
order of ATI peaks. For example, in a 5−cycle pulse, the
maxima of the PADs of the 1st and the 5th peaks locate
in the opposite direction in the symmetric axis for the
same CE phase, as shown in Figure 1. The difference in
the position of the maximal emission rate, for the same
pulse duration and for the same CE phase, discloses that
the maximal ionization is not always corresponding to the
maximum of the electric field, although the photoelectrons
are produced at a rate related to the electric field strength.
Furthermore, the PADs of some ATI peaks split with the
maxima located far off the symmetric axis, thus shows
another kind of unexpected structures.

The splitting in PADs appears for different ATI peaks
and for different pulse durations, but whether the splitting
appears or not has no relation with the CE phase. Gener-
ally, only the PADs of higher order ATI peaks exhibit the
splitting for longer pulses, while for shorter pulses, even
the PADs of lower order ATI peaks show the splitting.
For example, for 4–cycle pulses, the splitting first appears
in the PAD of the 5th ATI peaks, and other low order
peaks show no splitting in PADs; but for 2–cycle pulses,
the PADs of the 1st and the 2nd peaks show the splitting,
while the PAD of the 3rd peak shows only subtle split-
ting, and no splitting appears in the PAD of the 4th peak.
Some results are shown in Figures 2 and 3.

Fig. 2. Polar plots of the calculated PADs when φ0 = 0◦ and
n = 5 for (a) 6th, (b) 7th, (c) 8th, and (d) 9th ATI peaks.
Other conditions are the same as those in Figure 1.

Fig. 3. Polar plots of the calculated PADs when φ0 = 0◦

and n = 2 for (a) 4th, (b) 5th, and (c) 6th ATI peaks. Other
conditions are the same as those in Figure 1.

The unexpected structures were frequently observed
in experiments, such as the ring structure in high order
ATI peaks [13] and the jet structure in low order ATI
peaks [14–17]. These unexpected structures are related to
the order of ATI peak q, the ponderomotive parameter up,
and the binding number εb. The jet structure are caused
by the maxima of the GPB function and the total num-
ber of jets in one side of PADs is twice the number of the
maxima in the domain of ζ−variable [18]. This result is
suggestive to the present study. Different ATI peaks mean
different kinetic energy of the photoelectron, which affects,
in turn, the ζ-variables and the orders of the GPB func-
tions, the values of the GPB functions, the emission rate
in a single channel, and finally the PADs. The pulse du-
ration, denoted by n, affects PADs through three factors:
the channel number, the phase of each transition chan-
nel, and the transition rate of each channel. The depen-
dence of channel number on the pulse duration is easily
got from equations (2) and (7), and more channels are
involved to form an ATI peak for a shorter pulse. The
phase of each channel varies with the pulse duration in
a manner as (q2 − q3)φ0/n, which indicates that differ-
ent pulse durations affect the interference pattern among
transition channels. The pulse duration affects the argu-
ments of the GPB function through the frequencies ωi and
the ponderomotive parameters upi (i = 2, 3), and finally
affects the ionization rate in each channel. The pulse du-
ration shows its influence via these three factors, but the



444 The European Physical Journal D

last one is the leading factor. Keeping other conditions un-
changed, shorter pulse durations lead to larger ζ3 and ζ2.
An equivalent situation occurs for higher order ATI peaks
at a longer pulse duration, thus the PADs for lower order
peaks in shorter pulses show similar splitting to those for
higher order peaks in longer pulses, which is clear after a
comparison made between Figures 2 and 3. That shorter
pulse durations lead to larger variables of the GPB func-
tions reflects the fact that a higher effective field strength
is reached in shorter pulses.

The splitting in PADs discloses the inherent properties
of the photoionization process and reveals an evolution of
maximal emission rate along with the ATI orders and the
pulse durations. Before and after the splitting, the posi-
tions of the maxima of PADs are in the opposite directions
of the symmetric axis of the PADs. For example, when
φ0 = 0◦ in a 5−cycle pulse, the maximal emission of the
6th peak is located at φf = 180◦, but that of the 9th peak
is at φf = 0◦, in the between, the PADs split. Similar phe-
nomena occur for other peaks at different pulse durations,
as shown in Figures 2 and 3. Thus, one can reach a uni-
form view point to the evolution of PADs: the anisotropic
PAD has a maximum located at one pole of the symmetric
axis. Along with the increasing arguments, induced by the
shortening of pulse durations or the increase of ATI orders
or the both, the PAD shows a splitting: the original one
maximum splits into two maxima symmetrically located
at two sides of the symmetric axis; the newly produced
two maxima evolve to the opposite pole of the symmetric
axis. When the two maxima meet in the symmetric axis,
they incorporate as a new one. Then the PAD experiences
a whole evolution, with the new maximum located at the
opposite pole of the symmetric axis to the original one.
During the evolution, the dependence of PADs on the CE
phase still holds, since the CE phase doesn’t change the
domain of the arguments of the GPB functions.

In our three-mode treatment, the few-cycle laser
pulses are not a single pulse but a train of identical
few-cycle pulses irradiating the target atoms one by
one. This corresponds to the few-cycle pulses with
fixed CE phase produced by high repetition lasers.
The splitting in the PADs arises from the inherent
properties of ATI, and has no relation to the three-mode
treatment. If the CE phase of the short pulses can be
fixed in a small range, the predicted phenomena will be
observed experimentally. We notice that recent develop-
ments in laser technology have made it possible to produce

few-cycle pulses with CE phase variation less than 0.1π,
the predicted PADs are expected to be observed experi-
mentally in the near future.
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